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Abstract 

We derive a perturbative scheme to treat the interaction between point sources 
and AdS-gravity. The interacting problem is equivalent to the search of a polydromic 
mapping X A = X (x^) , endowed with 0(2,2) monodromies, between the physical 
coordinate system and a Minkowskian 4-dimensional coordinate system, which is how- 
ever constrained to live on a hypersurface. The physical motion of point sources is 
therefore mapped to a geodesic motion on this hypersurface. We impose an instan- 
taneous gauge which induces a set of equations defining such a polydromic mapping. 
Their consistency leads naturally to the Einstein equations in the same gauge. We 
explore the restriction of the monodromy group to 0(2, 1), and we obtain the solution 
of the fields perturbatively in the cosmological constant. 



1 Introduction 



The scattering of particles in gravity is one of the typical problems of physics, from the times 
relativity theory has been discovered 0-0-||-[ll]- Our scheme of solution H]-|l-0-f8| is 
based on introducing the constants of motion of the problem by allowing for a polydromic 
mapping X A = X (x^) of the flat metric, whose polydromy automatically builds up the 
delta singularities of the particles' energy-momentum tensors. 

Thanks to this mapping the physical motion can be trivialized to an elementary motion, 
which in the case of pure gravity reduces to a free motion on a plane, while, as it has been 
shown in |J, in the case of AdS gravity reduces to a geodesic motion of a hyper-surface 

immersed in a flat 4-dimensional Minkowskian space-time with signature ( + H ). In the 

last scheme we can unify not only particle-like singularities, moving as time-like geodesies, 
but also BTZ black-hole singularities |l0fl- [p| - [^| -[ll3|, moving as space-like geodesies. 

In this article we restrict such a mapping problem in a particular gauge, the instantaneous 
gauge defined by the equations g zz = and K — 0, which has allowed to compute, in the 
case of pure (2 + l)-gravity ||, the fields in terms of analytic and anti-analytic functions. 
Our aim is to show how this scheme can be extended to the case of (2 + 1) AdS-gi&Vity 



14 ]-[ 15] , although we are not able to solve completely for the fields. Our method at least 



gives a framework in which it is possible to obtain perturbatively an unique answer. 

Such a polydromic mapping is constrained by the gauge choice to satisfy a complete set 
of equations governing this immersion in the flat 4-dimensional space-time. This system of 
equations is related to the gauge choice and is valid only for those regions of space-time 
consistent with the conformal gauge. An obvious counterexample is the case of the region of 
the black hole internal to the horizon, whose metric is too complex to satisfy such a choice. 

The first-order formalism is simpler than the second-order formalism, as it allows to avoid 
distributions, related to the singularities and it instead introduces polydromies which take 
into account globally the presence of the particles. 

In this sense sources are viewed as singularities of the fields once that the monodromy 
conditions are imposed around them. The particles' scattering is then reduced to a composi- 
tion of monodromies, that, in the case of 0(2, 2) monodromy group, produces two invariant 
masses ||, determining the solution at great distances. In the particular case of zero angular 
momentum, these two invariant masses coincide between them and the monodromy group 
is restricted to 0(2, 1) ( see also [16| ). In such a case it is useful to introduce a parameteri- 
zation that reduces the cut to a Mobius transformation. However we are not able, as in the 
gravity case, to find a parameterization of the fields in terms of analytic functions, and here 
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the problem seems quite involved, being the equations for the X A coordinates non-analytic. 

It is however possible to solve for the cuts with non-analytic functions, since the non- 
analytic part can be perturbatively represented as a finite number of terms, obtained as 
products of analytic and anti-analytic functions. It remains an arbitrariness of analytic 
functions in the naive integration that is removed imposing that the whole solution satisfies 
the monodromies. We obtain therefore, order by order in perturbation theory, a field satis- 
fying all the requirements and depending from the constants of motion, which describe the 
particles' motion. We finally discuss the limits of such research to the study of black holes 
scattering. 



2 Instantaneous gauge in the second order formalism 

The splitting ADM of space-time in terms of space-like surfaces can be derived from the 
Einstein-Hilbert action with negative cosmological constant ( with modulus A ) rewriting 
the scalar curvature in its spatial part R^ 2 \ intrinsic to the surfaces S(t), and an extrinsic 
part, coming from the embedding, as follows ( 8nG = 1 ) 

S=~ J v^R (3) + A J VW\ = ~l J V\F\[R {2) + (TrK) 2 -Tr(K 2 )} + A J (2.1) 

where the equivalence is true apart from a surface term. Here we have introduced the 
extrinsic curvature tensor Kij, o second fundamental form of the surface given by 




with the notation that the spatial indices are raised or lowered with the spatial part of the 
metric gij and its inverse. 

Let us choose as parameterization for the metric, once that it is constrained to be in 
conformal gauge g zz = 0: 

goo = a 2 - e 2 *m g 0z = ^e 2 *, g z - z = ~e 2 t (2.3) 

Let us compute the trace of the extrinsic curvature tensor and pose it equal to zero, in such 
a way that all the dependences on time derivatives are avoided in the action : 

K(z, z, t) = K zz = — {d z g 0z + dsg 0x - d g zz ) = 0. (2.4) 
la 

The other part of the tensor can be shown to be a meromorphic analytic function, 
as we shall see in a moment from the equations of motion 

e 24> 

K zz = N(z) = —d z (3. (2.5) 
2 



The condition of instantaneous gauge ( see also || ) is therefore defined by 

g zz = K = 0. (2.6) 

Combining the conditions above, we obtain a new action without temporal derivatives, 
showing that the propagation of the fields a, ft, <f> can be made instantaneous. Adding the 
matter coupling (i.e. a set of N particles ), the equations of AdS-gravity have as sources both 
the cosmological constant that can be thought as the mean effect of an uniform distribution 
of matter and the energy-momentum tensor of the external particles: 

a 2 



yi ( p + '—d z ftd z -ft = V 2 <p + 4NNe- 2 ^ = Ae 2 * -\g\e- 2 *T 00 
or 

^(f^) = ^N{z) = -{Aa)- l \g\{T 0z -(3T m ) 



,20 

a 2 



V 2 a - 2—8,(38,(3 = V 2 a-8NNe- 2(t> a = 2Aae 2(t> + a- 1 \g\(T zz - ftT 0z - [3T 0z + ftftT 00 



(2.7) 

where V 2 = 4c? z c^ denotes the Laplacian, and the energy-momentum tensor for the particles 
is given by 

T*" = ^=Ym l i^5 2 (x-iM (< = 1,2,..., AT). (2.i 



^— ' V ds, 



Avoiding time derivatives allows to treat the particle motion as an external independent 
datum, from which the metric has a parametric dependence, while only by imposing both the 
monodromies and the boundary conditions one obtains constraints on the geodesic motion 
of the particles. 

With the introduction of the conformal gauge g zz = the Einstein equations for the 
corresponding components of the Ricci tensor are missing in eq. (2.7), and should be 
added constraint, i.e. 

R zz T zz . (2.9) 

These two constraints, together with the gauge condition K = 0, are indeed equivalent to the 
covariant conservation of the energy-momentum tensor, which in turn implies the geodesic 
equations, as shown in ref. B . 



3 Comparison with the first-order formalism 

The introduction of the cosmological constant makes useless searching for a simplification of 
the equations of motion in the dreibein formalism ||14|| , while it is fruitful to start from the 
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typical construction of space-times with constant curvature |IO|-|n|, that are obtained from 
a 4-dimensional flat metric with a constraint between the coordinates: 
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ds 1 = dX A dX B r] AB X A X A = -. 



(3.1) 



This formalism can also be considered a first-order formalism, defining a new dreibein E J 
d l j i X A , in which the Lorentz index depends on four coordinates. 



From the constraint (|3.1|) we can easily deduce the following properties: 



X A d z X A = X A d X A = 0. (3.2) 
If we suddenly impose the conformal gauge, i.e. 

g zz = d z X A ■ d z X A = g zz = d z X A ■ %X A = - X -e 2 \ (3.3) 

many other properties of the X A -mapping are shown to be valid. 

An intrinsic local frame of the four-dimensional space-time is given by these 4 four- vectors 
X A , d z X A , d z X A } and V A , defined as 

V A = 2tVXe- 2<t> e ABCD X B d z X c d z X D (3.4) 

that is orthogonal to the first three ones, and is defined to have norm equal to unity. Instead 
d z X A and dzX A are two null vectors that have a non-vanishing scalar product between them. 
We can easily check the following property: 

d X A = -(3d z X A - fid z X A + aV A . (3.5) 

Therefore once that the mapping problem X A is solved at fixed time, we can also determine 
the field a and /3, while the knowledge of the field doesn't require to compute any time 
derivative on the mapping. 

In the second order formalism we have chosen an instantaneous gauge, which is the same 
that we have use to solve the iV-body problem in pure (2 + l)-gravity, and it is defined by 
the conditions in eq. (|2.6|) . These gauge conditions combined together imply that : 

d z (kX A = ^X A . (3.6) 

In particular, the K — condition implies that additional terms proportional to V A are 
absent in the r.h.s. of eq. ( |3.6|) . 

Let us compute d\X A . We can develop it in the basis of four- vectors 

d 2 z X A = c X A + Cl d z X A + c 2 d^X A + c 3 V A . (3.7) 
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It is easy to see that Co = and c% = are consequences of the eqs. ( |3.2| ) and (|3.3|). The 
scalar product with d^X A implies that c\ = 2d z (p, while C3 can be constrained since it satisfies 
the analyticity condition: 

<^c 3 = 0, (3.8) 

therefore C3 = Cs(z) is a monodromic analytic function. The only candidate for such a 
function is the meromorphic function N(z), previously identified as the K zz component of 
the extrinsic curvature tensor; in fact, starting from the definition Q2.5| ) of N(z) we can show 
that C3 = N(z). Therefore we find the equation: 

d 2 z X A = 2d z ct)d z X A + N{z)V A . (3.9) 

Now let us compute d z V A . From the definition of V A we can suddenly notice that d z V A is 
orthogonal both to V and X A . We can therefore pose 

d z V A = a x d z X A + a 2 d z X A . (3.10) 

Introducing eq. ( |3.9| ) in the computation of ( p,10| ) we can directly find d z V A , and obtain 
that: 

d z V A = 2e- 2<t> N{z)d z X A . (3.11) 

In summary, since we work in an instantaneous gauge, the equations at fixed time of the 
immersion X A = X A (x^) are given by: 

dzdl X A = -e 2 * X A 

z z 2 

d 2 z X A = 2d z <f)d z X A + N(z)V A 

d z V A = 2e- 24 'N(z)d z X A . (3.12) 

The consistency of these equations leads to the fields equations ( |2.7| ) in the second-order 
formalism. 

Let us also notice the following property, i.e., that, being X A and V A two vectors of 
constant norm, their dynamics can be described by a sigma model 0(2, 2), as a consequence 
of the equations ( |3.12j ) 

d z (hX A = -A(d z X B d^X B ))X A 

d z chV A = -(<9 z V^Vb))V a (3.13) 

Both eqs. ( |3.12| ) and ( |3.13| ) are automatically covariant with respect to the 0(2,2) cuts, 
that can be decomposed as products of SU(1, 1) cuts, as shown in ref. 0. In general, the 
one-particle cut can be identified as ( X A = {X\ X , X\ X ) ) 



X 1 X z 

x z x l 




(3.14) 
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where the entries A{ and Bi of the monodromy matrices are given by: 

A\ = cosiTfi — ich{X\ — X-^sin-Kfi 

B l = -ie- i{a+p) sh{X 1 -X 2 )simr f i 

A 2 = cosiifi + ich(\i + \ 2 )sinnn 

B 2 = -ie i(Q -^s/i(Ai + A 2 )sm7r/i. (3.15) 

In general the solution of the two-body problem can be obtained in global terms. The 
result of the composition of two monodromies, in the case of particles, is of course of the 
type: 

' X* X' z \ ( x f x z . 

y j* J = Mi ( t y I (316) 

where to the M L , M R matrices it is possible to associate the corresponding invariant masses 



pL _ pL 

cos(ttMl) = cos(TTfXi)cos(iTfi2) - — siniw /J,i) sinOlt ^2) 

mim2 

pR . pR 

cos(-kM. r ) = cos (ir/j,i)cos (tt/i 2 ) — sm(7T/ii)sm(7r/i 2 ) (3-17) 

17111712 

and we have defined the following vectors, constants of motion: 



P, L = m l7l L (Mf) 7^ = c/i(Ai - A 2 ) 7iV = e<°*®sh{\ x - A 2 ) 

pR = miT f(l, w f) 7 f = c fe(A 1 +A 2 ) 7iV = e- i(Q - /3) s/i(A 1 + A 2 ). (3.18) 

For generic values of the constants of motions, the left invariant mass A4 l will be different 
from the right invariant mass M.r and therefore the composed system has spin, other than 
invariant mass. 

In the simplified case in which A\ = A 2 = A, B\ = B 2 = B, that correspond to null 
angular momentum, it is useful to parameterize the X A transformation in the following way, 
that makes explicit the reduction of monodromies from the generic case of 0(2,2) to the 
particular case of 0(2, 1) ( X A = (X°, X 1 , X z , X~ z ) ) 

v a 1 (l + ZZ „ „ 2Z m 2Z 

X = —= =cosT, smT, =cosT, =cosT 

y/A V 1 - ZZ 1-ZZ 1-ZZ 
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in which the only polydromic variable is Z, transforming as 0(2, 1) around the particles 

Z - £±£. (3.20) 
BZ + A K J 



Exploring the consequences of eqs. ( |3.12| ) we find that there are two eqs. with a Laplacian 
for the T and Z variables: 



d 7 d 7 T = IsinTcosT 



d z Zd z Z + d z Zd z Z 

(1 - z~zf 



2Zd z Zd- z Z 2sinTyfU^Z ( [Z^TZ , [Z7ZT^\ , qoi> 
(1 - ZZ) = (i - ZZ) [y 9zZd ~ Z + V d zZdgZ j . (3.21) 

The first one is integrated by the following first integral, 



i-zz y ' 

that is also obtained developing the condition of null norm dzX A ■ dzX^ = 0. 
The second one is integrated solving the eqs. ( |3.12 ) in terms of N(z): 



= 1 / V^gg- Vgg) ^U^fl^. (3.23) 

Using these first integrals we can express the conformal factor e 2 ^ in such a way that 
makes explicit its invariance under 0(2, 1): 

(1-ZZ) J 

This method appears to be more involved than the second-order formalism, however the 
latter one would require to analyze in detail all the various contributions, of distribution 
type, while introducing the cuts allows to avoid to write down mathematically ill-defined 
equations. 



4 Perturbative expansion in A for two-body scattering 

Let us firstly recall the single body metric, which is defined in the radial gauge as 

dr 2 

ds 2 = ((1 - fi) 2 + Ar 2 )dt 2 % r 2 d9 2 (4.1) 

U W ; (l-/i) 2 + Ar 2 V 1 
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This metric can be expressed as a polydromic mapping 

= X 2 + iX 3 



3 n/A(l-/x)t 



x z 



AM {1-iiY 

re i(i-ti,)e 



(4.2) 



Introducing the spatial conformal gauge = 0, which is obtained with a radial coordinate 
transformation 

(1 - fi)r( 1 -ri 



the X A -mapping becomes 



X 1 

x z 



1 _ A r 2(l- M ) 
1 4 ' 



1 i , A 2(1— /x) 



(4.3) 



1 _ A r 2(l-^) 
1 _ A r 2(l- M ) ' 



(4.4) 



In conformal gauge it appears a physical limit on the radial coordinate, implying that the 
solution is defined on a disk instead on the whole z-plane, and it is given by r 1_M < -^=. 

Before starting the study of particles' scattering, let us analyze in detail the one-body 



problem. Firstly, we can say that N(z) = 0, implying by consistency with eq. ( |3.23j ) that 

e-^dzSinT = c(t)z. (4.5) 



From the one-body problem solution fl4.4|) , the following expressions for T and Z have been 
obtained in 01 



v 7 ! 



4 

A z 1 -" 



1 + : I 1 



A 



A / l + a 2 \ ^ A2 
2 V 1 - a 2 y 16 



sinT 



2 v 7 ! 3 ^ 

i , A 2(1-/*) 

■ iJLi: 

1 _ A 2(l-/tj 
x 4 ' 



1 + 



A a 2 



2(1-/0 



+ 0(A S 



4 1 - a 2 
a = sm(vA(l — fi)t). 



(4.6) 



Therefore we can fix the time-dependent constant of eq. ( |4.5|) as 

A 



c(t) 



2(1 -//) 



a(t). 



(4.7) 



This solution is not valid with the choice of the parameterization ( |3.19| ) in the whole 
disk, but only in a subset defined by the condition \Z\ < 1, that in the case of a single body 



is also a disk in the physical coordinates defined by 

r 2(i- M) < 4 l-a(£ 

~ A 1 + a(t) v ; 

4 1 + a(t) „ . . 

At the limiting value, the X A mapping reduces to = (1 — fJ*)0- The continuation of Z-field 
outside the physical region meets another region, disconnected from the physical one, in 
which the condition \Z\ < 1 is valid. In this specular universe there is also an image of the 
source. In the two-body case this image will remain an isolated singularity, whose cut will 
be identified with the composition of the two-body cut. 

Let us notice that this limit on the coordinates is not perturbative in A and that at each 
order of the perturbative expansion this limit can be considered oo. Only after re-summing 
the perturbative series, we can understand what is precisely the domain of the exact solution, 
from which it must be continued with another choice of the parameterization, instead of eq. 

(El). 



With respect to the geodesic motion of a test particle situated in £(t), under the influence 
of a mass source situated in the origin of the coordinates, the knowledge of this patch is 
enough to give the complete solution, if the Z- value corresponding to £(t) has modulus less 
than unity: 



Z(0 = th(VAX) 

.(4.9) 



v'Ar 1 "^ = ' 



The resulting motion is limited on a line, similar to the harmonic motion, and the test 
particle can meet the source after a finite time to- 

To introduce the two-body problem, it is useful to give the explicit development of eq. 
~^6|) at the first orders: 



T = VX(T {0) + AT (1) + 0(A 2 )) 

= v / A(l-/x)t(l + ^r 2 ( 1 -^ + 0(A 2 )^) 

X (Z(°)+AZ«+A 2 Z( 2 ) + 0(A 3 )) 



A z^ + lift 2 + —(1 - fi)Y + ^(1 - fi) 2 t 2 r 2 ^ ) . (4.10) 



2 v r , 24 v r , 4 
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If we compare the exact non-perturbative limit ( |4.8| ) with what is given by the first order 
approximation, i.e. 

| Z (o)| = 1< _ r 2d-, t )_i. (411) 

we note that the correct value is almost obtained, and that the following perturbative terms 
give only relatively small corrections. 

To describe the scattering of point sources the monodromies must be non-abelian between 
them, in such a way that their fixed points are distinct for each particle: 

Z±¥±#. (4.12) 
bZ + a 1 bZ + a 2 

With the coefficients of the transformations defined as 

a 1 = cosnfi' 1 — ij l sinnfi l 

V = -ifVsimr/J, (4.13) 



the corresponding fixed points are defined by 



r(0) 



7*F 



(4.14) 

1 + 7* v ' 

Let us do the case of head-on collision, choosing the coefficients given in eq. ( (4.13|) in the 
following way 

a,i = cosnni — ijisimrni a 2 = cosn^ 2 — i^ 2 sin^\x 2 

b\ = —ijilvilsinir^i b 2 = i^l^lsinit^- (4-15) 

We can parameterize the coefficients only in terms of rapidities, without extra phases, i.e. 



7i = c/i(2v / AAi) 72 = c/i(2\/AA 2 



sh(2y/X\ 1 ) 7 2 H = sh(2VX\ 2 ). (4.16) 



Developing the coefficients e bk in powers of the perturbative parameter, the cosmological 
constant A, 

a k = a* 0) + Aofj) + k 2 a\ 2) + 0(A 3 ) 

b k = v / A(6f 0) +A&f 1) +A 2 &f 2) + O(A 3 )) k = l,2 (4.17) 
we find at the lowest orders in A 

a x = e"^ 1 - 2iAsin7Tfi 1 \ 2 1 + 0(A 2 ) a 2 = e"^ 2 - 2iAsimi fi 2 X 2 2 + 0(A 2 ) 

/ OA 3 \ / 2A 3 \ 

6i = -2iVX ( A 1 + A^i + 0(A 2 )J string b 2 = +2iVX I A 2 + A^ + 0(A 2 ) J 



simifi 2 . 
(4.18) 
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The system is defined non perturbatively by an invariant mass M. characterizing the 
system at great distances as a one-body metric. Speaking of limit of great distances is a 
little misleading since the metric in conformal gauge is valid only on a finite size region, 
however in a perturbative expansion, the limit coming from re-summing the perturbative 
series is not visible. 

The invariant mass defined by 

cosirAi = cos7Tfiicos7ifi2 — ch(VX(Xi + A2) )sinn fiisinn fi 2 , (4.19) 

is a real number included between and 1, implying some non-perturbative limits on the 
values of the constants of motion: 

c/ i (v / A(A 1 + A 2 )) < 1 + 

sinn Hisinn H2 

In the computation of the perturbative fields it is useful to verify that the perturbative 
terms can be recombined to give Ai, confirming that the complete solution, which we are 
not able to give explicitly, is deeply dependent on it. In fact, as in the one-body case there 
is another singularity, characterizing the Z-field at infinity in the unphysical region, whose 
mass must be identified with A4, as we shall see later on. 

Before analyzing the two-body problem, we must notice that the cosmological constant 
produces by itself a sort of background field, which is obtained in the massless limit /j, — > 0: 




sinT = a j— a = sin(VM). (4.21) 



Therefore at each order the development of the background metric gives rise to a contribution, 
which is divergent at infinity. This is made smoother by the presence of the sources, that 
at infinity are seen as a unique central body with total mass given by the invariant mass 
M. Since we have to fix the boundary conditions we choose to require that the analytic 
functions that naturally arise from the integration are regular around the particles and have 
a behavior at infinity that is no more divergent than a one-body metric with the mass given 
by the invariant mass M.: 

T ^ v / A(l-^)t(l + ^r 2 ( 1 -- M )+0(A 2 )^) 

™ VA Z *-M / A2 _ M) 2 t 2 r 2 { l-M)\ (422) 

2 v/l-a 2 (t) V 4 7' 
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where a(t) = sin[(l — M)t}. It can be necessary to adjust the solution asymptotically with 
a boost of Z , ( = c/i(2v / AA 00 ) , b^ = sh(2y/X\ O0 ) ), implying in practice a redefinition 
of Z with respect to the static case ( |4.22j ): 



cloqZ + b c 
booZ + a c 



(4.23) 



In Q4.15D we have supposed that at the lowest order the cut is purely a rotation, 



af 0) = e -^ fc 

6f 0) = 2z(-)%^mr/i fc fc = l,2, (4.24) 
then the monodromy conditions reduce at the same order to 

z (o) k> e -2i^ kZ (o) + (_)^4^ fc e-^sm7r/i fc , (4.25) 

from which we recover the static solution defined in the rescaled variable ( = (z — £2)/(£i — £2) 
by 

z(°) = k 2 I dCCH 1 - Cr w + h- (4.26) 



Eq. ( 4.25 ) determines k\ and &2 



fci = -2Ai 

^ 2 = (1 ~ H ~ H2)&" 1 -'» = Rn 2(Al + . A2) , + 0(A). (4.27) 

The fact that it is possible to relate the physical distance £12 in terms of the bosonic distance 
Z^\l) — Z^(0), is connected with the requirement that the mapping Z^ reduces to the 
identity mapping z in the massless limit. 

In practice, from the one body case, we can deduce what is the approximate figure of the 
patch on which the solution is valid, defined by the equation 

|Z(°)| 2 = 1 (4.28) 



If we insist too much on the validity of eq. ( [4.28 ), we find some perturbative limit on the 



constant of motion \ < which really doesn't exist, and therefore we deduce that this 
approximate equation is valid only for small values of Aj. However more subtle limits on 
the constants of motion appear if we require that the asymptotical behavior is related to a 
particle, and not to a tachyon, as shown in eq. ft4.20|) . 
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Let us rewrite the zero order solution in terms of an hypergeometric function: 



Z (0) 



k 2 [ dcc^ii-cr^ + h 

Jo 



= fe2f F(^ 2 ,l- A x 1 ,2-/i 1 ;C) + A; 1 C -?z 1 -' 11 -^. (4.29) 

1 - //! 

The analytic part of the solution for Z can be directly generalized at all orders representing 
it as a ratio of hyper-geometric functions 



z = cothiVXiX, + A 2 C Ml ^7 n nr; : A 4 - 30 

1 h o > n > /*i; C 



where the symbol F denotes a novel normalization of the hyper-geometric function ( see also 
I): 

F(a, b, c; z) = T ^ b) F(a, b, c; z). (4.31) 

r( c ) 

More generally, the solution will be defined by a Lorentz transformation in order to produce 
the right fixed points of the Z-monodromy 

Z + Z(0) 

Z = ==4, 4.32 

l + Z{0)Z 

which, in the special case of head-on collision, become 

Z(0) = --^-J_ = -^(VAAi) Z(l) = --^-=th(VXx i ) Z(l) =t/i(v / A(A 1 + A,)). 
1 + 7i 1 + 72 

(4.33) 

It is easy to verify that the first order solution ( eq. fl4.29|) ) is obtained with the following 
limit on the invariant mass 

- + 2A(A 1 + A 2 ) 2 + (A 2 ) (4.34) 

7r sinn [/ii + H2) 

once that the particular values of head-on collision are substituted. From the definition of 
the hyper-geometric function it is clear that there is another singularity at infinity, specular 
to the ones situated in ( = and ( = 1, whose cut is related to the invariant mass Ai. 

The scale £i 2 appear to be undetermined in the exact analytic solution. As in the lowest 
order in A, corresponding to pure gravity, there is no way to determine it unless we require 
that the solution respects a given asymptotic behavior, as we have discussed before deriving 
eqs. fljOlD and ( ggg ). 
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To give the contribution to the geodesic equations, it is useful to make an asymptotic 
development of the Z solution in the limit £ — > oo: 

with the coefficients defined as: 

,/ /tv, , ^F(b)T(a — b) , . /— , ..r(a)r(6 — a) 

ai = cotfe VA (Ai+A 2 )) V/ L \ a 2 = cot/i(VA(Ai + A 2 — ^ 

I (c — 0) 1 (c — a) 

r(6-c + i)r(o-6) r(a-c + i)r(6-o) 

^3 — tTT 7\ ^4 



1-.M 



r(i-6) r(i-a) 

a = 6=H c=2-m. (4.36) 

This development can be put in the form of a Lorentz transformation with respect to the 
static case 

~ foooZ + aoo 2 ^/l -a 2 (t) 

where we have taken into account the fact that the asymptotic metric contains terms depen- 
dent explicitly on time ( a(t) = sin(\/A(l — A4)t) ). The solution for the scale £12 becomes 
then: 

= 2,/l-S-W g, j 
VA «3 

as the following identity aia 2 = 0304 is valid. 

At the next order A 2 we find that the field time dependence comes directly from the 
equations of motion and not only from the boundary conditions. To compute its contribution 
we must first know 

From the asymptotic behavior ( eqs. ( f4.22| ) and ( 4. 23] ) ) we deduce that: 

T<® = (1 -Mt). (4.39) 
Instead, the equation of motion for can be integrated giving 

dzT {i) = T^d z Z^(Z {0) + h(()). (4.40) 



In the limit \Xi — > we impose that the contribution of the extra function h(() vanishes, 
so to recover the background field Q4.21]) . Let us define h(() in such a way that d z T^> is a 
meromorphic function, which therefore requires that the combination Z^ + h(() transforms 
as dzZ^ under all monodromies, from which we deduce the monodromy properties of h(() 
as follows: 

h(C) e 2inlMk h{() + 4i{-) k X k e l7r ^sin7T^ k (4.41) 
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Adding the condition that h(() — > in the limit of small masses, //j — * 0, we obtain the 
solution, perturbative in the mass parameters, 



h(() ~ -2\ lfJll log( + 2A 2 /i 2 /o^(l - C). 



(4.42) 



This behavior, divergent around the particles, is still acceptable, because the logarithmic 
divergence is cancelled by z-integration and is again well defined around the particles. 



Let us also notice that in the case of one particle h(Q is constrained by 

h(()^2\ 1 {l-Cz^). 
hence the solution for T"W must be for one particle with rapidity Ai ^ 0, 



T (o) 



(Z® + 2X 1 ){Z (0) + 2Ai) - 2AiC(l - /n)( 



z + z 



T (1) (t). 



(4.43) 



(4.44) 



We can generalize eq. Q4.42j ) to the case of any masses choosing h(() as 

no = a, £ dcc^a - cr + a 2 d^ii - cr -1 . 

The monodromy conditions ( 4.41 ) are satisfied by the following positions: 

2Ai 2A 2 



A 1 



An 



5(^,1 + ^2) B(l + ni,fi 2 y 

that in the small mass limit reproduces the solution ( 4.42j ). 
Therefore we can define the integrated field as 



(4.45) 



(4.46) 



T (o) 

T {0) 



{0) W) 



T (1) (t) 



Z {0) Z (°) + I dzd z Z^h(C)+ [ dzdzZ 

hi hi 

( Z (o) _ 2 (-) k \ k )(Z {0) - 2R%) + f dzd z Z®(h(0 + 2( 
L J (3. 



%)+ 



! / ^Z ( V(C) + 2(-)%) 



+ T«(t) 



k = 1,2. 



(4.47) 



We have added the second line to make explicit the property that is automatically 
monodromic around both particles, without need to introduce logarithmic terms to adjust 
an eventual translation monodromy, which fortunately is absent. 

Starting from the knowledge of T^ 1 ' we can deduce, using the first integral ( |3.18| ) con- 
straints for the solution of the Z^ field, 



d- z Z 



4 
15 



(4.48) 



This first integral is automatically solution of the perturbative expansion of eq. ( 3.17|) , 
which remains also non linear in the unknown d^Z^ after the development in A: 



d z d- z Z^ = T^dzZ^^dzZ^ckZ^. (4.49) 

The other first integral, which is relative to N(z), gives at the lowest order in A: 

T(°) / A A \ 
N {z) = A—k 2 -i + — ^- (4.50) 



2 *VC i-C 

and we check that is a meromorphic function with simple poles. 

The solution for Z^ can be decomposed in an analytic part and a non-analytic one, 
satisfying eq. ( |4.48| ): 

Z^ = Z^(z) + Zi 2 \z,z) (4.51) 

(2) 

While the analytic part Z a \z) is determined by the development of the general solution 
( |4.30| ), the non-analytic part must satisfy only the homogeneous part of the monodromies 

Zi 2 \z,z)^e- 2 ^Z^(z,z). (4.52) 

When we integrate d^Z^ we have at disposition an arbitrary polydromic function f(z), 
to be fixed in order to make Zn (z,z) again covariant under the rule ([4.52|) . 

A possible solution is 

T (0)2 



'€i 

T (o) 



i / dzd z -z i0 \h(() + 2\ 2 ) 2 + g(c) 



Z<?\z,z) = ^— Uz® + 2X 1 ) 2 (Z {0) + 2A0+ 2(Z(°) + 2A X ) [ dzd^Z (0) (h(() - 2Ai) + 
+ f dzd z -Z {0 \h(()-2\ 1 ) 2 + f(O = 

(Z® - 2\ 2 ) 2 (Z (0) - 2A 2 )+ 2(Z® - 2A 2 ) f dzd$® '{h{() + 2A 2 ) + 

(4.53) 

in which the first expression is automatically covariant under the first particle if 

/(C)^e^7(C), (4-54) 

while the second expression is covariant around the second particle if 

9(0 e- 2 ^g{(). (4.55) 
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Developing these two formulas we find that 

/(C) = g{Q-2{\ l + \ 2 ){Z^) 2 + 2C l Z^+C 2 

= g(C) - 2(Ai + A 2 )(Z^ - 2A 2 ) 2 + 2Ci(Z<°> - 2A 2 ) + C 2 

C 2 = C 2 + 4A 2 C 1 + 8A2(A 1 + A 2 ), (4.56) 

where to know C\ and C 2 we must solve the following integrals 

d= dzd z Z^h{Q C 2 = dzd z Z^h 2 {C). (4.57) 



The simplest solution is in fact 
/„(*) = Ax / dwd w Z®(w) dvd v Z (0 \v) dCCKl-Cr^ + Aa^+Ai) 



2(A X + A 2 ) 



5(1 + /ii,/i 2 ) 
(Ai + A 2 ) 5(l + /i 1 ,/i 2 ) 



A 2 = 7T -ri_ + __^ _ / rf^z^H / / dCC w (i-Cr 

Jti Jo 

(4.58) 
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To match the background metric ( [4.21] ) we can always add to the particular solution fo{z) 
terms of the type: 

f(z) = f (z) + (A + Bw + Cw 2 )(^(l - C)" 2 • (4-59) 



At the level of geodesic equations we notice that the condition Q4.33] ) is solved for an 
arbitrary scale £ 12 and that it doesn't give rise to new constraints, while the criterium of 
reproducing a certain asymptotic behavior is already satisfied by the first order of eq. ( 4.38|) , 
i.e. by eq. (4.27). If we continue perturbation theory it is possible that other constraints 
result from the requirement that the residue of the simple poles of N(z) has the following 
form, valid at all orders: 

N(z) ~ A^ 2 r M + (4.60) 

with the invariant mass Ai that replaces the sum of masses. 

We cannot forget that we are treating a particular case of scattering at zero angular 
momentum, in which the particles have to collide after a finite time. This case is typically 
ill-defined from the distributional point of view, as in the solution products of distributions 
are expected to appear at a certain time, while the geodesic limit is still well defined. A 
verification of the consistency of this solution can be made with a perturbative computation 
at non-vanishing angular momentum, in which case it is no more possible to reduce the 
general 0(2,2) monodromies to 0(2, 1). 
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5 Conclusions 



We have deduced the general equations for the immersion X A that governs the scattering of 
point sources coupled to AdS-gimity. We have found the complete solution for the analytic 
part of the fields and a partial one for the non- analytic part. The choice of conformal gauge 
allows to study the scattering problem with instantaneous propagation of the fields avoiding 
the difficulties connected with the retarded potentials. This gauge is globally defined for the 
scattering of particles, but it is not for what concerns the scattering of black holes, where 
its validity is reduced to the region external to the horizons. 

The scattering of particles is governed by the composition of monodromies, which gives 
rise to two invariant masses || ; someone may object that these are not relevant for the 
solution of the fields, since in conformal gauge there is a physical limit on the values of spatial 
coordinates and it is not possible to see the particles as a unique body at great distance from 
them. However such a limit is non-perturbative with respect to the cosmological constant 
and at a perturbative level the fields do have infinite extension, and the leading contribution 
at great distances of each perturbative order must be dominated by these two invariant 
masses, which in our particular case of head-on collision coincide. The physical scale is 
produced only re-summing the perturbative series. At a non-perturbative level, the two 
invariant masses are still present, since in the non-physical region of the Z field it appears a 
specular image of the iV-body system with an unique singularity, defined by the two invariant 
masses. Therefore, at least mathematically, this extra singularity is important to give the 
parameterization of the solution. 

It would be interesting to continue our study to include the scattering of BTZ black holes 



, where the equations ( 3.12|) still remain valid outside their horizons. A similar problem has 
already an analogy with the case of the scattering of spinning particles in (2 + l)-gravity [|J, 
in which the problem of closed time-like curves produces, in conformal gauge, some CTC 
horizons around the particles. Work is in progress in this direction. 
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